
Flexible model assessment via approximate Calibrated Posterior Predictive p-values
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ppp(y)

ppp(y~)

cppp(y)

·

cppp(y) =
1

r

r∑

j=1

I
{
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Tool for Bayesian model assessment

model = data distribution︸ ︷︷ ︸
p(y|θ)

+ prior distribution︸ ︷︷ ︸
π(θ)

discrepancy measure D(y, θ)

reflects aspects of the data we want the model to capture

posterior predictive p(y∗|y) =
∫
p(y∗|θ)π(θ|y)dθ

ppp = Pr{D(Y ∗, θ) ≥ D(y, θ)}

Hard to interpret
the data [Robins et al. (2006)]

Posterior predictive p-values (ppp)

observed ppp = 0.04

0

1

2

3

0.00 0.25 0.50 0.75
ppp

de
ns

ity

calibrated ppp = 0.15

0.0

0.5

1.0

1.5

0.00 0.25 0.50 0.75 1.00
ppp

de
ns

ity

Hard to interpret!

Interpret the ppp as a statistic - ppp(Y ) ∼ F unknown

cppp = Pr{ppp(Ỹ ) ≤ ppp(y)} = EỸ

[
I
{

ppp(Ỹ ) ≤ ppp (y)
}]

[Hjort et al. (2006)] - bootstrap-like procedure

Simulate new data ỹ∼ g(ỹ|y) multiple times
g(ỹ|y) calibration density (e.g., prior, posterior predictive, ....)

For each new data repeat MCMC estimation & ppp computation

Model assessment in theory

Calibrated ppp (cppp)          

Model assessment in practice Model assessment: can we do better? 

High computational cost!

Lorem ipsum

r = number of calibration replicates (≈ 102)

m = number of posterior samples (≈ 104)

naive computational cost c = r ×m (≈ 108)

RMSE = |bias| + se
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Computational cost = 10000 Computational cost = 50000
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Good approximation
bet on r, small m̃

if m̃ is large enough, RMSE is dominated by variance

Faster
“large enough ” m̃ is small compared to
usual number of MCMC iterations ( ≈ 104, 105)

Error quantification: variance estimation
With MCMC samples, m̃ = ESS (Effective Sample Size)
hard to estimate with small m̃ (short chains)

Plug-in method: uses original MCMC samples (from the data) to
inform on ESS for the short ones
Bootstrap method: uses two levels

  calibration replicates & MCMC samples

cppp(y) is an estimate of the true cppp(y)

bias: m̃ → ∞, p̂pp(ỹ) → ppp(ỹ) bias → 0

variance = 1
r
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average variance of determining ppp(ỹ) ≤ ppp(y)
small as m̃ increases

variance across calibration replicates of Pr(ppp(ỹ) ≤ ppp(y))
as m̃ increases, this is the variance of a Bernoulli(cppp(y))

Question: how to choose m̃ and r?
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Monte Carlo estimation of ppp

A simple example 

ppp(Y ) ∼ F (·) known

Fix cppp(y) value

ppp(y) = F−1(cppp(y))
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ppp(Y) ~ Beta(2,4)

k̃(1)|− ∼ Binom(m̃, ppp(ỹ(1))) k̃(r)|− ∼ Binom(m̃, ppp(ỹ(r)))

For j = 1, . . . , r

draw samples ppp(ỹ(j))

draw samples k̃(j)|ppp

use {k̃(j)}
(r)

j=1 to calculate cppp(y)

marginally k̃(j) ∼ BetaBinomial(m̃, 2, 4)

closed form expressions for bias and variance

Computational cost = m̃× r

Paper out soon, with software
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can be interpret with respect a Uniform distribution

Some considerations Results

(ỹ(j))
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